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Introduction
Orthogonal frequency division multiplexing (OFDM) and orthogonal frequency code division multiplexing (OFCDM) have received large attention as modulation schemes to realize broadband transmission. OFDM based systems achieve high frequency utilization efficiency due to orthogonality between subcarriers. The primary advantage of OFDM based schemes over single carrier schemes is its robustness to severe multipath channels. OFDM based schemes have been implemented in various wireless standards such as the IEEE 802.11 standards, digital terrestrial broadcasting, mobile worldwide interoperability for microwave access (WiMAX), or international mobile telecommunicationsadvanced (IMT-Advanced).
Many diversity schemes have been actively investigated for OFDM based systems [2] - [4] . One of the typical diversity schemes is antenna diversity in which multiple antenna elements are implemented in a receiver [2] . However, it may be difficult to implement multiple antenna elements in a small mobile terminal. Therefore, a new diversity scheme called fractional sampling (FS) has been proposed in [5] . This scheme tries to acquire diversity gain Manuscript through the signal sampled faster than the Nyquist rate in the receiver. FS is known to covert a single-input singleoutput channel into a single-input multiple-output channel.
In [5] , subcarrier-based noise whitening and maximal ratio combining (MRC) have been investigated because of its low complexity.
Though the oversampling increases diversity order, correlation among noise components may deteriorate bit error rate (BER) performance. In order to solve this problem, a frequency spreading scheme for OFCDM has been proposed [6] . This scheme cancels the correlated noise components among adjacent subcarriers and improves the BER performance. However, the proposed scheme reduces the number of available spreading codes. Moreover, this scheme is not applicable to OFDM systems. Since the noise passes through the pulse shaping filter (baseband filter) in the receiver, the impulse response of the filter determines the correlation among the noise components. In order to prevent the BER degradation due to the correlated noise components without spreading codes, impulse responses of the pulse shaping filter are evaluated for the FS OFDM system in this paper. The effect of the impulse response of the filter on the BER performance is then clarified. This paper is organized as follows. Firstly, a system model is described briefly in Sect. 2. The correlation among the noise components is then discussed in Sect. 3. Numerical results are shown in Sect. 4. Finally, conclusions are presented in Sect. 5.
Receiver Structure with Fractional Sampling
At the receiver side, FS and MRC are used to achieve diversity over a multipath channel [5] . The block diagram of an OFDM receiver with FS is shown in Fig. 1 . The transmitted 
where N is the inverse discrete Fourier transform (IDFT) length, s[k] is the symbol transmitted on the k-th subcarrier, P is the sum of the IDFT length and the length of GI. The received signal, y(t), is expressed as follows,
where 1/T s is the baud rate, h(t) is the impulse response of the composite channel and is given by h(t) = (p c p )(t), denotes convolution, p(t) is the impulse response of the pulse shaping filter (=Tx or Rx baseband filter), p (t) = p(−t), c(t) is the impulse response of the physical channel, and v(t) is the additive white Gaussian noise [5] . The received signal which is sampled at a rate of G/T s is expressed as follows,
where n is the time index,
The demodulated signal received on the k-th subcarrier, z [k] , is derived after removal of the GI and demodulation by the DFT at the receiver for each g. z[k] is expressed as
where
and L is the number of multipath. When sampling at the receiver is carried out at the baud rate of 1/T s , we have a usual OFDM input/output relationship with white noise. However, when sampling is performed at the multiple of the baud rate, the noise is colored. Noise whitening is necessary because MRC maximizes the signal-to-noise ratio (SNR) when the noise is white. In order to take subcarrier-based MRC combining approach, subcarrier-by-subcarrier noise whitening is carried out. The covariance matrix of the noise on the k-th subcarrier is given as
where E[ ] denotes expectation and H represents Hermitian transpose. After noise whitening, Eq. (4) is converted as
This equation turns to the following expression.
Noise Correlation among Samples
In order to derive the effect of the noise whitening, the received signal is expressed in the vector form in this section. From Eq. (4), the received signal for all N subcarriers is expressed as
The noise vector w is colored and can be expressed as
where R w is the correlation matrix of the noise, ω is the white noise in the vector form and it is given as
and ω g [k] is the white noise of the g-th sample component on the k-th subcarrier. The noise covariance matrix is
where p 2 (t) is the composite response of the filters given as p 2 
After subcarrierbased noise whitening, Eq. (15) is converted as
Eq. (24) results in the following equation.
and
. . .
is the G × G matrix, which corresponds to the (k 1 , k 2 )-th subblock of the NG× NG matrix, R ww R 1 2 w . The g 1 -th element of w [k 1 ] is expressed as
The second term of the right side of this equation gives the correlation between the noise components after subcarrier based noise whitening. These components may deteriorate the BER performance of the receiver.
An example of the correlation among the noise components, R 1 2 w , over the subcarriers and oversampling indexes Fig. 2 . A sinc pulse is assume as the impulse response of the pulse shaping filter. From Eq. (23), this is the function of the impulse response of the pulse shaping filter in the receiver. In order to improve the BER performance, the Frobenius norm of R n [k 1 , k 2 ] should be kept small. Here, the Frobenius norm of a matrix A is given as
where || · || F denotes the Frobenius norm [7] .
is given as follows.
w . The distribution of the eigenvalues for particular types of matrices has been investigated, especially for MIMO transmission [8] , [9] . However, the distribution is not given for general matricies. Since R 
From Eqs. (30), (32) and (33) 
N , which is the same as the one in the discrete Fourier transform. Therefore, in this paper, the Frobenius norm of the whitening matrix for five different impulse responses of the pulse shaping filter is investigated through computer simulation.
Numerical Results

Simulation Conditions
Simulation conditions are shown in Table 1 . The data is modulated with QPSK, 16QAM, and 64QAM, and multiplexed with OFDM. The bandwidth of the OFDM system is 80 MHz. The DFT size is 64 and 1024 while the number of data subcarriers is 48 and 768. The received signal is sampled at the rates of 1/T s , 2/T s , and 4/T s (G = 1, 2, 4). As channel coding, a convolutional code with a coding rate of 1/2 is used. Soft decision Viterbi decoding is employed in the receiver.
Channel Models
In this paper, three channel models are assumed in the simulation. One is 6-ray GSM Typical Urban model. The 6-ray GSM Typical Urban model is one of the propagation models that are mentioned in the main body of 3GPP TS 45.005. The parameters of the 6-ray GSM Typical Urban model (TU6) is defined in Table 2 . Figure 3 shows the delay profile of 6-ray GSM Typical Urban model. The amplitude of the path follows Rayleigh distribution. The others are Rayleigh fading channel models. A 16 path Rayleigh fading model with a uniformed delay profile is shown in Fig. 4(a) [5] . The interval between the path delays in this model is T s /4. A 24 path Rayleigh fading model with an exponential delay profile is shown in Fig. 4(b) [1] . The interval between the path delays is 5T s . The channel response is assumed to be constant during one OFDM symbol interval. The GSM model and 24 path Rayleigh fading model are applied to the OFDM system with 1024 subcarriers. To clarify the effect of the spectrum of the filter on the BER performance, the pulse shaping filter with the following 5 different impulse responses are employed both at the transmitter and the receiver [5] , [10] . These impulse responses have different bandwidths and are classified into two different types, which are a sinc-based pulse shaping filter and a cosine-based pulse shaping filter [11] . (1) Sinc-based pulse shaping filter
2. Fourth-power sinc pulse over [−T s ,T s ], β = 0.164 is given by
3. Fifth-power sinc pulse truncated to [−T s ,T s ], β = 0.1046 is given by
(2) Cosine-based pulse shaping filter 
Here, β represents the scaling effect on the received signal samples due to the pulse shape at the offset sampling instants of ±T s /2. The impulse responses and the frequency responses of the pulse shaping filter are shown in Fig. 5 (a) and 5(b). As a reference, a root cosine roll-off filter (roll-off factor α = 0) with the duration of ±4T s is shown in Fig. 5(b) . In this case, as suggested in [5] , no diversity gain is obtained because of the sharp frequency response of the filter.
Frequency Spectrum of the Filter and Frobenius Norm of the Whitening Matrix
Figures 6 and 7 show the Frobenius norm of the whiten-
, with different impulse responses of the pulse shaping filter. The number of subcarriers is 64 and the oversampling ratio is set to G = {2, 4}, here. As it is suggested with Eq. (33), there is a relation between the spectrum of the filter and the Frobenius norm (though it is not exactly the same as the spectrum of the filter due to the weighting term (N − |n d |) ). The number of dip points in the spectrum is proportional to the number of peak points in the Frobenius norm. If the oversampling ratio increases, the interval of the samples, T s /G, reduces in Eq. (33). Thus, Eq. (33) covers larger spectrum. Both the number of dip points in the spectrum and the number of peak points in the Frobenius norm then increase. If the number of subcarriers increases, the resolution of the spectrum in Eq. (33) improves, the depth of the dip points in the spectrum becomes larger, and the peak value of the Frobenius norm grows.
Uncoded FS OFDM
Effect of Pulse Shaping Filter with 64 Subcarriers
In Figs. 9, 10 and 11, the BER curves with different pulse shaping filters for G = {1, 2, 4} on the 16 path Rayleigh fading channel are presented. From Fig. 9 , when G = 1, all of the BERs except the one with the sinc pulse filter are almost the same. The reason is that the bandwidth of the sinc pulse filter is smaller than those of the other filters. Thus, the SNR of the subcarriers in the band edges are smaller and more bit errors are observed. When G = 2, the whitening matrix for the sinc pulse filter shows the large amount of the norm on the specific subcarriers in Fig. 6 . These subcarriers generate more bit errors due to the correlated noise. As a result, the BER with the sinc pulse filter is larger than those with the other filters. The norm of the whitening matrix with the QOSRC pulse filter is slightly larger than the rests of the filters except the sinc pulse filter. Therefore, the BER performance is also slightly worse.
When G = 4, BER performances of QOSRC pulse filter and the fourth-power sinc pulse filter are deteriorated. From Fig. 7 , the norm with the QOSRC pulse filter shows the largest and the fourth-power sinc pulse filter shows the second largest on the specific subcarriers. On those subcarriers more bit errors are produced. Even though E b /N 0 increases, the BER does not reduce as those with the QOCRC pulse filter or the fifth-power sinc pulse filter. Therefore, the BER curves for those pulse filters in Fig. 11 are worse than those with the other filters except the sinc pulse filter. For the case of the sinc pulse filter, the bandwidth of the filter is smaller than the others as shown in Fig. 6 . It is suggested in [5] that the excess bandwidth of the filter allows diversity gain in FS. The BER with the sinc pulse filter is then larger than those with the QOCRC pulse filter or fifth-power sinc pulse filter that has larger bandwidth.
Through Figs. 9-11, no diversity gain can be obtained with the root cosine roll-off filter. It has been suggested in [5] that the excessive bandwidth of the filter gives diversity gain with FS. Thus, the sharp frequency response of the root cosine filter limits diversity gain. Figures 12 and 13 show the BER curves with the different pulse shaping filters for G = 4 when 16QAM or 64QAM modulation is employed. In those figures, the same tendency on the BER performance can be observed as the case with QPSK modulation for G = 4. As far as we have investigated, when G = {1, 2}, the BER performance with 16QAM or 64QAM also show the same tendency as the case with QPSK. 
Effect of Pulse Shaping Filter with 1024 Subcarriers
The effect of the pulse shaping filters with larger numbers of subcarriers are also investigated. In Fig. 14, the BER curves with different pulse shaping filters for G = 4 are presented. The channel model we assume here is 16 path Rayleigh fading channel with the uniform delay profile. When G = 4, the curves of the Frobenius norm of the whitening filters shown in Fig. 8 are different as compared to those in Fig. 7 . In this case, the norm with the fourth-power sinc pulse filter shows the largest and the one with QOSRC pulse filter shows the second largest on the specific subcarriers. On those subcarriers more bit errors are produced. However, the BERs do not increase significantly in Fig. 14 as compared to those in Fig. 11 . For the cases of the fourth-power sinc pulse filter and the QOSRC pulse filter, though the bit error rates on some particular subcarriers are larger, it is averaged over the BERs of the large number of subcarriers. On the other hand, the BER with the sinc filter is larger than those with the other filters because of the smaller bandwidth and limited diversity gain. When G = {1, 2}, the same tendency on the BER performance can be observed as the cases with 64 subcarriers.
Figures 15 and 16 show the BER curves with different pulse shaping filters on the 16 path Rayleigh fading channel model when 16QAM or 64QAM modulation is applied. In those figures, the same tendency on the BER performance can be observed as the case with QPSK modulation for G = 4.
Figures 17 and 18 show the BER performance for QPSK modulation with different pulse shaping filters on the 24 path Rayleigh fading channel model and the GSM Typi- cal Urban model. In those figures, the same as the case with the 16 path Rayleigh fading channel model, the BER degradation due to the different pulse shaping filters is smaller than that of the OFDM system with 64 subcarriers. Since the number of multipath is smaller for the GSM model than the Rayleigh fading channel model, diversity gain through FS is smaller in Fig. 18 . Thus, the BER curves for all the impulse responses of the filter are a little worse than those in Fig. 17. Figure 19 shows the BER curves of the coded FS OFDM with different impulse responses of the pulse shaping filter. The number of subcarriers is 64 and the oversampling ratio is set to G = 4, here. A rate 1/2 convolutional code with its generating matrix G = [133 8 , 171 8 ] and interleaving specified in the IEEE 802.11a standard are employed [12] . Soft decision Viterbi decoding is performed in the receiver. As compared to Fig. 11 , the improvement of the BER curves for the QOSRC and fourth-power sinc pulse filters are limited. This is because the effect of the large Frobenius norm is spread over the subcarriers due to the channel coding and the interleaving. To reduce the effect of the large Frobenius norm, the metric in the Viterbi decoder is adjusted according to the Frobenius norm on each subcarrier. Figure 20 shows the BER curves of the coded FS OFDM with the adjusted metric. In this figure, the BER curves with the QOSRC and fourth-power sinc pulse filters are improved as compared to those in Fig. 19 . The metric adjustment can mitigates the effect of the large Frobenius norm. Figure 21 shows the BER curves of the coded FS OFDM with different impulse responses of the pulse shaping filter when the number of subcarriers is 1024. Figure 22 shows the BER curves of the coded FS OFDM with the adjusted metric according to the Frobenius norm. A rate 1/2 convolutional code with its generating matrix G = [133 8 , 171 8 ] and interleaving specified in the IEEE 802.16 standard are employed [13] . In those figures, the same as the coded system, the BER is averaged over the large number of subcarriers and the difference due to the pulse shaping filters is smaller than that of the system with 64 subcarriers.
Coded FS OFDM
Conclusions
In this paper, the effect of the pulse shaping filters on the FS OFDM system with subcarrier-based MRC has been investigated. The Frobenius norm of the whitening filter closely corresponds to the frequency spectrum of the pulse shap- ing filter. It has been shown that the Frobenius norm of the whitening matrix has significant effect on the BER performance irrespective of modulation schemes and channel models. If the Frobenius norm is large, the power of the correlated noise components increases and the BER on the corresponding subcarrier is deteriorated. If the number of subcarriers is 64, the average BER also increases. When the number of subcarriers is 1024, the large amount of the Frobenius norm is concentrated on the specific subcarriers.
Although the more number of bit errors can be observed on those subcarriers, it is less significant to the average BER if the number of subcarriers is large. When the channel coding is employed, the large Frobenius norm deteriorates the total BER performance of the system with 64 subcarriers. It has also been shown that the Viterbi decoder with the adjusted metric according to the Frobenius norm improves the BER performance.
As a conclusion, it is required to design the pulse shap- ing filters in order to reduce the amount of the correlated noise caused by the Frobenius norm and to obtain diversity gain. The Frobenius norm can be calculated at the stage of designing the pulse shaping filters. Moreover, when the number of subcarrier is small and the pulse shaping filter introduces the large amount of the Frobeinus norm on the specific subcarriers, the adjusted metric based on the Frobenius norm can mitigate the effect of the correlated noise components in the coded FS OFDM system. 
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